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XVIL. On the Method of correfpondent Values, &c. By Edward
Waring, M. D. F. R. S. and Lucafian Profeffor of the Ma-

thematics a# Cambridge.

Read May 28, 1489.

I,

1. TN the year 1762 I publifhed a method of finding when

two roots of a given equation " — px"=* 4 g4 —ra"=3 4
&c.=o are equal, by finding the common divifors of the two
quantities 4" —pa™—* 4 ga" —&c., and na""'—n— 1pa"=t 4
7 — 2ga™3 — &c., and obferved if they admitted only one fimple
divifor (2 — A), then two roots were only equal ; if a quadratic
(a*— Aa+B), then two roots of the equation became twice
equal; if a cubic (¢’ Aa*+Ba - (), then two roots became
thrice equal; and fo on: or, to exprefs in more general terms
what follows from the fame principles, if the cocmmon divifor

bea—b xa—-c'xa—-d x&c., then r+1 roots of the given

equation will be 8, s+ 1 roots will be ¢, #+1 will be 4, &c.5

and 1t immediately follows, from the principles delivered in
the fecond edition of the fame Book, publifhed in 2770, that
to find when 7+ 1, v +1, £+ 1, &c. roots are refpeitively equal
requires 7 +$ + #, &c. equations of condition, which are dedu-
cible from the well known method of finding the common
divifors of two quantities in this cafe of 4" — pa*—* + ga* — &c.,
2@t~ — 1pa"* 471 - 29a"3 — &c. of the terms of their
remainders, &c.
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Dr. WARING on the Method, &c, 167

In the book above mentioned the equations of condition are
given, which difcover when two roots are equal in the equations
¥’ -px’+gx —r=0, x’+gx‘—rx+:=o, x° +gvcg -rx2+fx-i
=0, in the two latter equations the fccond term is wanting,
which may eafily be exterminated; but it may as eafily be
reftored by fubftituting for ¢, r, 5, &c. in the equation of
condition found the quantities refulting from the common
transformation of equations to deftroy the fecond term,

2. Another rule contained in the fame Book 1is the {ubftitu-
tion of the roots of the equation #a"~*— 7= 1pa"~*+ n — zga™s
— &c.=o refpettively for « in the quantity a7 — pa"=* + ga™* —
&c., and multiplication of all the quantities refulting into each
other; their content will give the equation of condition, when
two roots are equal,

Mr. Huppe firft difcovered, that if the fucceflive terms of
the given equation are multiplied into an arithmetical feries,
the refulting equation will contain one of any two equal roots,
and m of the m+ 1 equal roots in the given equation.

3. If 3, 4 §» . .7 roots of the equation are equal, find
a common divifor of 3, 4, 5, . . 7 of the fubfequent quantities
a"—par—' 4 gqa™* — &c., na™" —mpa"‘—z + 'r;:_;ga”"S - &c.,
n.n—=1a"2—n-1 . ;z—:;pa"‘3+n— 2. -7;——_3.@"—4—72-3 .

n=4ra"™5+&c,n.n—1.0—-28"3—n—1.n-2.n—3pa""*

tn-2.0n-3 . .n-4q2 5 —&Kc, .. .n.n-1.0-2..
n—rt2a "t —n—1.a=2..n-r+1pa " +&c.; which
will probably be beft done by dividing all the preceding
quantities by the quantity of the leaft dimenfion of 2, and the
divifor and all the remainders by that quantity which has the
leaft dimenfions amongft them; and fo on: there will refult
2, 3y 45+ « 7~ I equations of condition; and in this cafeit is

Dda2 obferved,
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obferved, in the before-mentioned Book, that (if the common
divifor be (¢ — A)) it will once only admit of 3, 4, §, . . 7 equal
roots; if it be'a quadratic, then it will twice admit of thofe
equal roots 3 and fo on. ‘

4. If the roots of the equation of the leaft dimenfions be
{ubftituted for @ in the remainihg equations, and. each of the
refulting values of the fame equation be multiplied into each
other, there will refult the 7 ~ 1 equations of condition: and.
the fame may be deduced alfo. from the feveral equations con-
jointly.

The equations of conditions found. by the firft method, if
‘the divifions were not properly inftituted, may admit of more
rational divifors than neceflary, of which. fome are the equations
of conditions required.

2%

1. In the year 1776, I publithed in the Meditationes Ana-
Iyticee a new method of differences for the refolution of the
following problem.

Given the {ums of a fwiftly converging feries ax- bs* +cx’,;b
+dx* + &c., when the values of x are refpe@tively =, p, g, &c.;
- to find the fum of the feries when is 7, that is, given
Sr =aw + br* -I-f'?r" + dn* + &C, » Se =ae>+ bp-z +sz + &c., Se =
ag + be* +ca® + &c. &c. 3 to find Sr=ar+ 6" + o7 + &e.
~ To refolve this problem I multiplied the quantities, S#, Sp,
S, &c. refpeively into unknown. co-efficients «, B, y, &c.
and there refulted.

TR
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and +an’b 4 an’c+ &c.

Bpa +Bp*b + Bp'c + &c.

yoa +yeb+yo'c + &c.
&c. &c. &c.

and then made the {um of each of the terms refpetively equal
to its correfpondent term of the quantity ra+ 7°647°c + &c.,
and confequently ar - ,Qp,-l- yo + &c. =7, o’ +sz + 70'2 +&ec,
=17" an’ 4+ L’ + 9o’ +&c. =7, &c. 1 affumed as many equa-
tions of this kind as there were given values =, ¢, ¢, &c. of x;
and confequently as many equations refulted as unknown
quantities «, By ¥, &c.; whence, by the common refolution of
fimple equations, or more eafily from differences, can be found
the unknown quantities «, @, », &c., and thence the equation:
fought & x Sz 48 x Sp 4+ % So+ &c. = Sr nearly.

3.‘ In the Meditationes are affumed for =, ¢, o, &c. the:
quantities p, 2p, 3P, 4P, -+« 5 —2p, n—1p, and np for 73
which, if fubftituted for their values in the preceding equa~
tions, will give &+ 2B+ 3y + 40 +&c. =7, a+ 48+ 9y+ 165+
&co=n", a+8B8+27y+&c. =7’ a+168+819y+ &c.=n*;
and if the fums of the feries ax 4 bx” 4 cx’ 4 &c. which re~
fpe@ively correfpond to the values p, 2, 3p, . .. 71— 1p of xbe
81, 82, 53,54, . .. Su — 1, and the fum of the feries ax + 8" )
¢x* 4 &c. which correfponds to # value of xbe S#; then willi

ZlSn-z+n. ’1'-;-5 . ’i-}f.Sn~.3 ‘oo =nSE
nearly, which equation is given in the above-mentioned Book..

3. The logarithm from the number, the arc from the fine,.
&c. are found by fericfes of the formula ax+64* + ¢4’ +&c. 5
and confequently this equation is.applicable to them.

6 4.-Im

Sn=nSn~-1-n.
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4. In the fame Book is affumed a feries aw” - baH 4 carbe 4
dy+3 4+ &c. of a more general formula than the ‘preceding,
and in it for » fubftituted , B, ¥, 3, &c., m; and Sa, SB, Sy,
Sd, &c; Sm for the refulting fums, and thence deduced

m xm =8 .m' —y ' =¥ &l

r $ s : s 5 s
mXm— My —-S &e.
Sy = - X Sa+ A
o xa'—g . a'—y o' =¥ & B xB—a', B — -8, &e,
r S8 S_ @ ’_“‘&c. ‘7‘ S . I
% S8+ Xm'—a' o —B om—3 % Sy X o o' — B o'y X &e,
7’)(’)“‘—-“3-7"‘6‘071—'3‘-&(:0 ‘ 5")(5“—@’.32-3'.5‘]—7’.&(:.

% S§+ &c. nearly.

Cor. If for r and s be affumed refpeitively 1, the feries be-
comes ax+0bx"4cx’+&c. of the fame formula as the pre-
ceding: if r=0 and s=1, the feries becomes @4bx+cx” +
&c. 'The latter cafe will be the {fame as the former, when one
of the quantities («) fubftituted for » and its correfpondent
fum Sz, both become =o, and the equation deduced in both
cafes the fame.

5. If =, p, o, &c. refpe&lvely denote 7, 7+ p, r+zp, ..
rtn—2p, r4n— xp, and v=7+np; and S, S1, S2,83,...
S#—2z, Su—1, be the fums either refulting from the feries
ax 4 bx" 4 cx* + &c. or the feries A 4 ax + bx* + cx® + &c.; which
refpeftively correfpond to the values 7, r+p, r+2p, &c. of
x 3 and Sz the fum of the fame feries which correfponds to the

value r 4 np of »; then will Sn=nSn—1 -n. ”—}1872 -2 4.

n—1 n—2
2 T3
equatton differs from the preceding by the laft term S not va-
nithing ; in the preceding cafe S became =o, for it was the
fum of the feries ax+ 54"+ cx® +&c., which correfponded to
x=0. '

Sn—3-...%n, ?—-;—I- §2=7S1=%S nearly; ' this

6. From
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6. From the Meditationes it appears, that 7”—nXr== pm +

—1 m —1 —0 97
% . ’—Z—;—ri 2p — 1 3’-—; . ”——é-—rigjb + &c. to the end of the

feries = o0, if m is lefs than #, and m and # are whole num-

bers; butif m=n, then itwill===1.2.3.4...02-1.mp7;
whence it 1s manifeft, that for the # firft terms of the feries
A +ax+ 02"+ &ec. the equations are true; and for the # -1
firft terms of the feries ax + bx* + cx’ + &c. and in the {ucceflive
term of both the feriefes they will err by a quantity nearly
=1, 2.3, aXP XX co-efficient of the term ; and the
errors of every fubfequent term (#4+") will be nearly as

m—1 m—2 m—3 m—h+1 .
== . . . 2,.,. p x p* x r—n x co-efficient of

2 3 4 _
the term &7, if for r, r+ p, r+2p, &c. be fubfltituted 1,

e+l 14, &

7. Let the preceding equation Sz=#Sn—1-7. 7—}1 Sn—2

g — o — . S - 3 - &c. = log. r—p=n, 221
+1 .= 5 n— 3= & =nxlogr-p-n., =

Il 22 log. r — 3p + &c = log.

2
o

log. r—zp+n.

— ¢

PX7—op Xr—ap Xr=0p X&e 100 K, where s, 5, 57, &c. de-
r—-pt—r-—-3}>‘ xr-—5p' x &c. '

note the co-efficients of the alternate terms of the binomial

. n—1 N—1 n—2 72—
theorem, viz. s=#.—, s=n. . . 228, &c., and

2 "3 T
t=n, t'=n ;ﬁ'—;—l . ”—?, &ec. the co-efficients of the remain-

ing alternate terms; the numerator 7 x7— zp‘ X7 — 4p X'
r— 6[; x &c, = (if N=2"=7) r¥ = Ppr¥—r 4 Qp"rN—2 — Rp’rN—s
v oo Lp=t x Nk Mp' ¥ =&c. 3 and the denominator
r—p xr=gp xr=sp x & =N = PprN=r 4 Qpr¥-r

I Rp
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Rpr—s4 oo  Lpro =t (=Mt 1. 2.0 300 5=1) prii=i
&c., whence the numerator and denominator have the = firft
terms the fame, and the next fucceeding terms differ by

I.2.3.n=1prN="; the numerator divided by the denomi-

r’l

nator = 1==—2223 "7 s nearly, if r be a great number in
proportion to p, &c. it would be 4 when 7 is an odd number,
and — when even. '
8. The logarithm of the fradtion K by the common feries
—2 3
me—I-I%—-I-u+I§-f3—1— ~ &c. has for its firft term = ==

122:3:: 771 x p" nearly; for its fecond term the fquare of

”
r

the firft divided by 2, &.

9. The error of this equation not only depends on the loga-
rithm of K, which may be calculated to any degree of exa&-
nefs, but in the calculus on the errors of the given loga-
rithms.

10. If 7 be increafed or diminithed by any given number,
the # firft terms of the numerator and denominator will ftill
refult the fame, and the next fucceeding terms will differ by
10203 c4.08=1Xp" xrN""

n—1 . n—1 n—2 N
11, Letn.T numbers be 2, z. — - 223 nume

3
n—1 #n—2 n—3 n—4 n—3 .
bers be 4, 7 ekl s sl Tnumbersbe6, &ec.;
their fum, the fum of the produ&s of every two, the con-
tents of -every three, four, five, &c. to #—1 of them will be

equal to the fum, the fum of the produéts of every two, of

the contents of every three, four, five, &c. to 7—1 of the

. ) . . n—1 —_—
following numbers, wiz. # numbers which are 1, 7."— . 1'53
| numbers
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numbers which are 3, # . ”'2‘1 . ":2 . ";3 . ";4, which are
,. 3 ,
5, &c.3 and the fum of the contents of every # of the former

will be lefs than the fum of the contents of every # latter

rnumbersbyl.z.g'.dr..f.z‘:.}.

12. The method given in Art. 4. which I name a method of
correfpondent values, eafily deduces and demonftrates the pre-
ceding equations, which cannot, without much difficulty, be
done by the preceding method of differences ; the method of
correfpondent values is much preferable to the method of dif-
ferences, both for the facility of its deduétion, and the gene-
rality of its refolution: for inftance, from this method very
eafily can be deduced &c. the fubfequent and other fimilar

cquatxons.
S - g H=1 N
Ex. 1. Su=4Sn—1-n .”_{.Sn—2+7z.—;— .153812—-3..“

==451=5 nearly.

myn.mEtn—1 . mtyrn—2...m+2
3 eN=1I

ik AxTE xS 2+-——-—xme+ZSn -3-33 223 % C x|

x‘Sn-—-x-.,;

Ex. 2. Su+m=

::_3 % Sn— 4 4+——— x DxZX +5 ‘xSn=g- &:c.nearly, where the
letters A, B, C, D, &c. denote the preceding co-efficients, and
the converging feries is the fame as in the preceding example.
Ex. 3. Let the converging feries be of the formula ax + bx°
cx’ 4dx’ 4+ &c.; then will S = 22-2517 — 1 < 272 — 1 x|

- In=12 2n—0. 212
2 45n~2+zn--1x--'—';—- X Sn=-3—28—1 .

on—3 2"4 85— 4> ~ 4 4 &c. nearly, of which the general term is
2

-~ - —l+1 om—2l o
an—1 ., 22, ey + 22 % Su =1,
2 3 I=1 {

Vor. LXXIX. Ee Ex
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Ex. 4. Let the feries be of the formula A 4+ ax* 4 &x* +cx® +

— e r——— ———— ”n 0N —
&c.; then will Sp="2"1 xzn-—zbn—-l-—-;—xzn-1 . "2 4
— - 2n—2 2n—06 o S
xSn—'z+——-—§x2n—-1. S A T 1.
n 3 ) n

=2 2073 g 2":3 Siz — 44+ &c. nearly, of which the general

2
term is éx an—1.2n=2 23 el an—al oy
n - 3 .3 l—1 l
Ex. §. Let the given feries be of the formula aw + 4x* 4 cx’
+&c., and in it for x be fubftituted p, —p, 2p, — 2p, 35, - 3p,
«vo np, —np and mp, and for the fums of the refulting fe~
riefes be wrote refpedtively Sr, S—7, 52, 52, 83, §—3, ... &,

S—», and Sm; then will Sm =

P 2
m.m'—1.m—4..m'—q.m—16 ...m*—n—1 *m—n

n.w—1 ,nz—4..?12‘—9 n?-__l()...n"_n__l“xznzl v 2.3¢4.22

xS"”+Axm+"S+"—-~—xBx i —Cxmtrl

m—n m+fn— M I

——t

Sn-—1+ "D x m:"—I S_”+z+m+n—-z ESm22m2 o

n—2 Mo e 2, 3

Fox PTA2Gmbs G xS =3 x §34 &c. nearly, where
m+n—3 m-—r—3

the letters A, B, C, D, &c. refpectively denote the preceding

co-efficients. In general, the co-efficients of the terms S—=+¢

and S will be refpeiively M= 32':—’1"—! x L x m—':’":.f and
n—3 .

M x 212!, where the letters L and M refpe@ively denote their

Me—=n-—279

preceding co-efficients 5 the co-efficients are to be taken affirma-
tively, or negatively, according as s is an even or odd number.
Ex. 6. If for x in the preceding feries be fubflituted p, - p,
2ty =2fy 3fy =3Py« en—1p, —n=1p, np refpetively, then
Sm
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m.m—1 em =4 =g =16, e (1))
= ”
S - Ii2.3.4.5¢.. (zu-—x) S - Ax
) STl Box TEIT gy € x M2
- M= -1 L SR
Stz 1272 ) x mEr—2 o G e nearly, when A, B, C,
2 m—-n—z

&ec. denote as before the preceding co-efficients. The coeflici-
ents of the terms S—+ and S will be refpetively L x

2ot and E xMx 22 Land M denoting the pre-

m+tn—s $ m—n—-s

ceding co-efficients, which are to be taken negatwely or affir-
matively, as s is an even or an odd number. In this feries when
x#=o0, the correfpondent fum=o,

Ex. 7. Let the given feries be of the formula a 4 by +cx” 4
dx* + &c. ; and in it for x be {ubftituted o, p, —p, 2p, — 2p, 3p,
—3p...np, —ppand mp, and for the fums of the refulting fe-
riefes be wrote as before S, St, S—1, S2, S—2, .. .S, S—, and

m.omt—1 . mP—g . mP—9 .. (m-—n-—:)xm——n

S7; then will Sm=

R H—g . Q... (BP—n— 1) X 2n

xS 4 A x 2 mtn - X S+r_ 20 x B x " S—n+r — &c. this feries

mtn—1
obferves the fame law as the feries given in Ex. 5. and only
differs from it by the laft term So not vanithing, that is,
being =o.
Ex. 8 Let the feries be of the preceding formula a+ bx 4
cx’+ds’ + &c., and in it for » be fubflituted o; p, —p; 2p,

—2p35 3Py —3P5 - i—:x_p, ‘—;1_:‘;/), np, and mp, and the
fums refulting be So, St, 5,52, S, . S':T S‘”‘*‘", S”and S7;
then will Sm="- Ry SR —(”-7—3—’-8" A x mor

«2.3. 4.. 2n—1 m+tn—1
S—+r — &c. the fame feries as in Ex. 6. and dlﬁlrs from it only
by the laft term So not vanithing.

Ee2 Ex.
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Ex.g.Let the feries be of the fame formulag + bx 4 cx* + dx* 4
&c. andin it for x be fubftituted p, —p, 3p, — 3p, 5, = 5p> 70>
= 7Py s oo #ip, = npand mp; and the fums refulting be St, S—7, S3,
§—3, 85, 55, 5,57, ....%, S and S"; then will S*=

A 2z
m—1.m"—g.m—25 =49 . ... M —n—2 Xm+n

n"—l.nz—9.nz-—-25-”2‘49....nz—;z“-;-“z-izxzn:Z"XI-2~3°4-‘5~'.n
><S"—-A><'3’_T_7‘xS‘"-—-’f xBx m¥% G2 4 C x " E2 x|
m+n m— 2 ) mpn—2 :
S " —ix D x P E 2w gt B x 20 gy 222

n+4 m+n—4 3

- —n+6 n—3 m+n—6
PR 4 —64 =20 G x Srto 4 x H x x|
‘ m-—n+6s + m+n—06 S 4 H m—n+8 '

S8 — &c. nearly, where the letters A, B, C, D, E, &c.
denote the preceding co-efficients of the terms Sv, S—n, S»—2,
S—rt2, §—4, S—t4, 5S¢, &c. refpeltively. The co-cfficients

of the terms S*—* and S+ will be M:"":"‘I x Lox|

mir-2t? and N=Mx 22*%; where L, M, and N denote

m—n-+t2s n—2s
the co-efficients of the terms immediately preceding each other,

that 1s, of the terms S—»+»—2 S and S—+2», The fi ign
of the firft co-efficient M will be 4 or —, according as s is
even or odd; the fecond term N will have a contrary fign to
the firft.

Thefe feries may be made to begin from any term, which
may be eafily found by the method of correfpondent values,
and the fubfequent terms from it by the given law; its pre-
ceding terms may be deduced from the fame law reverfed, that
is, by putting the nuwerators of the fractions multiplied into
it for the denominators, and the denominators for the nume-
rators,

2 From
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From thefe different feriefes may be formed, by adding two or
more terms of the given feries together for a term of the re-
quired feries; which method has been applied to convergms’"

feries in general in the Meditationes.

13. The method of correfpondent values eafily affords a refo-.
lution of the problems contained in Mr. Brica’s or Sir Isaac
NewTon’s method of differences.

Ex. 1. Let the quantity be of the formula 2+ bx+cx2+a’x
+&c...x"=Yy, and n+1 correfpondent values. of x and y be
given, viz. p, g, r, s, &c. of x; Sp, Sg, Sr, Ss, &c. of y; then

X7, x—s . &C.

will y=220- 20 f‘:_' xS x Sg +
= = g P—?’ p—s P+ g— p.q—r.g—s.&c. 7
HmPoX=q . X —s. % Sy +x p ¥—g.x—r., & xSs+&C.

r—p.r—gq.r—s. &c. S=—poS—gq.s—r . &ec.

The txuth of this problem very eafily appears by Wntmg
P 95 75 5, &c. for x in the given feries. '

All the preceding examples may be applied to this cafe, by
writing x for m in the given feries; hence the refolutions of
feveral cafes of equi-diftant ordinates by eafy and not inelegant
feriefes, amongft which are included the two cafes commonly
given on this fubjedt, / ‘

14. If a quantity be required, which proceeds according to
the dimenfions of x, reduce the above given value of y into a

quantity proceeding according to the dimenfions of ¥, and
5p__ . 8¢
p—q p-—r, p——s &c.=A q_—-—p.g-—7‘.q—s.&c.:B

there refults y = (

: Sr Ss
. + = &c.) x x"—
+r-p.r—a;.r-s.&c.:(,‘ S—p.si—q. s—r . &, ‘—b+ )
Soxg4rtsdde.  SgXptrtst&e | Srxpgdosi-te,
( q < + gxXp . + ? 7£ +
ey k& op X Ak &
S:kp+qDl~rT c. + &e. x"“’-}-( Sp 9r+yA+ + &ec. +
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Sy xpr4psdrs+&e | Srx + .r+ 5+ &c. | Ssx pgtpr+ :+&c
g X/ P]g + Pi Pc g + y&i P 9 +&C.)

S &e. |, S ~ ., S &c. .
xx,,___:__( _ﬁqu+ c + 7xprl;+&c + ng+.c+83qul7)+&c+

&) w34 &e.

The law and continuation of this feries is evident to any
one verfant in thefe matters from infpetion.

Thefe fraGtions may be reduced to‘a common: denominator by
fubftituting for Sp and A the produéts Sp x P and A x P, where
P=g-r.q—s.r-s.&c; forSgand B the produéts Sg x Q
and Bx Q, where Q=p—r.p—s.r—s.8&c; for Sr and G
the produéts $r x R and C x R, w! here R-—p g.p=s.g9-s.
&c.; for S5 and D the produéts Ss x §” and C x'§’, where >’ =
p-g.p—r.q—r. & &c.

The fra&tions, in particular cafes, will often be reducible to

lower terms. |
15. Let y—_:ax”+bxb+’+ cx**2'+ &c., and the correfpon-
dent values of x and y be givenx as before, then will y=

xbx;;'—qlx.\I—r/xxl-—slx&c x x5 -—1) Xx—-:lxx —F X&C

P NN Sp+ ; e x S¢
? Xp—-qxp—rxp—xx&c ¢"xq— qu—, —q-—sx&c.
i : )
xi:x Mo Xy Xxl— ke x Sr +x Xx"'P Xx—-qx:a_r x&c
X —p X1 =g =5 % e sbxs".f? x:-—q ' 't &,
SJ‘-l—&C. \

- This feries may in the fame manner as the preceding be
reduced to terms, proceedmg according to the dimenfions of
x3 and the feriefes given in the examples may ( mutatis mutan-
dis ) be predicated of it. /

16. A more general method of correfpondent values is given

ﬂ p—r .1)--»:'. &c.
%

in the Meditationes, as alfo the fubfequent y=I20 2 &,
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X—PaX—T XS5 &c. % sq X—p o X—g X—5 . &e.

% Sp+ x Sr.

q—p s g—r.g—s. & r—p.r—gq.r—s.,&c.
&c. as in Ex. 1. =Sp4(v—p) (_‘__xsp_‘__}__l_)xsq) +(x~p)

9
(#- g)(mx_x8p+__xq._.__'ng+——I—-X;:;x Sr) +'
I I
=D CE-DCE-NG5 = o St oS
1 1
xsg-}-r—P m.mxsr+w§.:q.s:XSS) &C.

The equality of thefc two different quantities will eafily,
appear by finding the co-efficients of both, which are multi-
plied into the fame given value of y as Sp, Sg, Sr, &c. and the
fame power of x; for with very little difficulty they will.in.
general be found equal. ,

It is evident from this refolution that, gmng the ordmates
and their refpe@ive diftances from each other, the value of
any other ordinate at a given diftance from the preceding,
found by this method, will refult the fame, whatever may be
the point affumed from which the abfcifs is made to begin.

3

. Let a feries be Ax+ Bx +Ca® +Dat +&c of fuch a for-
muh that if in it for x be {ubftituted a+ 4, there refults a feries

Axat+b+Bxatbé +C xa+tb +Dxa+b + &c. = (Aa+
Ba*4+Ca® + Da* + &c.) x (1+gb + rb*+36 + t6° + &c.) +
(1 +ga+ra’ 5@’ +tat + &c.) x(Ab+ B&*+C6' + DO + &c)
then will the feries Awx+ Ba®4-Ca’+Dx* + &c. = Av+
2B 2.3C 24ABC—8B3 , = 36C*A%+24ACB*—16B*

2 3 S
T -{—1.2.3%‘+1.2.3‘.4A2 I.2.3.4.5A° vt
9. 24AzBC2-4x24AB3Cx6 216C3 A3 4 432A*B*C” — 384 ACB* 4 64B° -

1.2,3.4.5.65% 1.2.3+.4.5.0.77° '

+&c.;
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+&c.; and the feries 14+ gx +72" +5x’ + '+ &e=1 +§ PRs

]2 _Qqn3 2a2__ QN4
Ny Y
180C*A%B — 120ACB34-16B% 216C3A34216A*C*B* - 288ACB*4-64B° ¢
2.344.5A° X+ 1.2.3.4.5.0A° *

+ &ec.

The terms of thefe two feriefes can eafily be deduced by the
fubfequent method. Let K2+ L=+ Max", be fucceflive
terms of the feries Ax 4 Ba® 4 Ca® + &c., and K'x"—2 4 L'a"—r
fucceffive terms of the feries T - gw + rx” 4%’ +£x* 4 &c. ; then
will M= 2AZXBXK‘+6CAI§—2BZK and L :nXA'XMz—-B X xL .

n.n—1IxXA A

Cor. 1. Let B=o0, and the two feriefes Ax + Ba* + Ca® + Dx* 4+

&ec. and 1+ gx + ra* + &c. become refpe&lvely Ax+ 23 Cx +

2%, 3* Cc* 23. 33 24. 34
— X — X [ —— Xx
2. 3 4.5 A +2 3.4 56 7 +2 3.4.5.6.7.8.9
22 32 Cz .
— %9 g > S .
x x+&c., and 1+ >< x+1'2_3°4xmx+

23.33
YN 6XA3x+&c.

If in thefe feriefes for A be fubftituted 1, and for C be {ub-
ftituted - 2—1—3, there will refult the feriefes x-— ;—33.{.

5 2 a ) .
—  _&c., and 1 -2 -+ x — &c. which give the
2.3.4-5 1 22.3.4
fine and cofine in terms of the arc #.

Cor. 2. Let C =0, and the above-mentioned f{eries Ax+ Bx® 4!

&c becomes Ax+-—~ Br'x - 23 stx‘ 2
: I.2 1.2.3.47 A% 1.2.3.4.5
B 25 B6 27 B?
— X ¥ —
A3 +1 2.3.4.5.6.7 X AS x+ v2.3.4...8 on*
27 (B2 x“+&c The law of
1.2.3.4..10  A*" - 1.2, 3..11 ’

this
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this feries is, firft, that every third term vanithes; and, fe-
condly, the figus of every two fucceflive terms change alter~
nately from + to ~ and ~ to +4; and, laftly, the co-efficient

F /. P

) B S
of theterm a7 is ———— X ; and the feries I+ gx4-rx®
I.2.3..n p"2 :
, . B 2B, 2383 o o3 ‘
. — X e X X
+ &c. becomes I+3 YT T 2. 3a8 T.2.3.4A°
24BS s 2B 6 2°X R’

! . ) 7
v+1.2.3.4..5A5x 1.2.3.4.5.6A°x+,1.2.3..7A7x

&c. In this feries the figns of three fucceflive terms alters
nately change from + to ~ and - to 4 ; and the cmefﬁcxent

2" x B" 2"k
of the term x” is - Or - —— according as 7 is
. I1.2.3.0A i.2.3..2A

divifible by 3 or not.

2. Let a feries 14 Px+Qux* 4R’ + Sx* 4 Tws 4 &c. be of
fuch a formula, that if in it for x be f{ubftituted 245, there
refults a feries 1 4P xa_—{:—5+Qsz+Rxm3+S Xat+b

4&c.=(14Pa+Qa*+ Ra’ + Sa* - &c.) x (1 +Ps4-Qé*}-RE®
+55* 4 &c.) 4-(Aa+Ba*4-Ca’ 4 Do+ &c.) x (Ab+Bs +Ch*
+4-Dé*4-&c.), then Will the feries Ax-Bx*4Cx’+ Dy’

o= A B (B Ax D) o A BN 0

AG P x B)x 4+ &c., and the feries1 +Px+Qx +Rx 4-&c.=1 4

A’+P +zAB+PxAz+B‘ 3

x' 4 &ec. Let‘

x"—z—l—Lx""‘—}—Mx” be fucceffive terms of the feries Ax4-Bx® 4=
Cx’+-&c., and K'x"—2 }L/x=14M'x" {ucceflive terms of the
feries 1-4Px4Qu*-Ra’4-&ec.5 then will AXL4PxL/ =xn
XM and BXxXK4+QxK’'=2#. -’f—;—i x M’ exprefs the law of the

feriefes. | |
Vor., LXXIX, F f Cor.

Px
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Cor. Let B=o, then the feries Ax+5x’+Cx3+Dx'=A %

P* % A* e (P"+A2)" s (P*+ A"
(- T 345'+1234567 T &e.)
and thc fcnes x-}—Px-[—Qx +Rx +&:c =1 +Px-}-P +A %

PPEAT o (PP4AY)R (P4 A7) (F2+A2)3 .
Pxxzax+234‘x+xlz°.. +1236x
»r&c ; the co-efficient of the term x» w;ll be (P’—{—Az)z or P

N1

% (P*++ A%}, according as # is even or odd

If in thc equations before given for x be fubftituted =5
inftead of 2--4, then in the other quantxtxes for & fubftitute
— b, :

3. If in Cafe 2. the difference between the two quantmes
(1 +Pa4Qa* + &c.) x (1 +Pb+ QP 4-&c.) and (Aa—4-Ba" 4 Ca”
4 &c) X (Ab+BE + CH + &c.)isaffumed=1 + P x a+ 6+ QX
ka_ﬁz+&c .» then in the feriefes before given for A, B, C, &c.

write refpecively v/ =14, v/ —1B, v/ = 1C, &c., and thcre
will refult the correfponding feriefcs.

The fame principles may be applied to'many other cafes.

4. Equations of thefe formule may be ufeful, when the
fums of the feriefes correfpondent to a value (4) of x are
given, and the fums of the feries correfpondent to a value

(a+ b) of »1s required, 4 having a fmall ratio to 4: for inftance,
. . 3 5 7 |
let the given feries be x—-:. Ry 3:1 reiaw ; = +&c.3 ’the'

. . . (a+8)3 |, (a+5)
equation found in the firft cafe isa+ 46— i3 trsas
&5 A
&c_..(a— 3+2 Y 5-&C)X(“‘ 2t 12,3, ;&)
2 b5
;+(I-"_1'2+ « 2.3 4—&c)x(b 2 3-4-5 &c')’



Method of correfpondent Values, &c. 133

. 3 PR at
but @ -~ — —&c., and x—m
2.3+2.3.4.5 i o 34

the fine (5) and coline (¢) of an arc @ of a circle whofe radius
is 13 and, coufequently, if the fine s and cofine ¢ of an arc a

— &c. are

. _ o e 1
be given, the fine of an arc (¢+8)=sx (1 - +-£Z—-&c.) +
15

¢‘(b--,]’3 ; —&ec.), which feries, if 4 be very {mall

K -r -
2.3 2.3+4.5
in proportion to a, converges much fafter than the common

feries for finding the fine from the arc: it has been given from
diff: rent principles in the Maditationes, and is alfo eafily dedu-
cible from the ferics for finding the fine and cofine frem the
arc by the propofitions ufually given in plane wigonometry :

. LZ
the cofine of the famearc (a:l—b):c)((l ot &)
, 03 25
‘-Sx(b_ 1.2, 3+I.2..5_&c')’ -
Ex. 2. Let the feries be a+b+ Ly ot + &c. =
3 2.3:4.5
a3 a5 1%
(a+2.3+2.3.4.5+&c.x(“x+ 1.2 + 1.2.3.4.+ &e.) +
a* a4 53 25 .
(Tt +— T &) x (B4 = 3+2_3_4_5+&c.),
buta+ +&c) =x, and 1+ — + !.z“.43.-4+ &ec. =]
Vi1t 1f a be the hyperbolic log. of x+ \/;+x’; therefore
——- ek
b a+tb = &c.) +,
a+ + 5.;_2 5o 5+&c xx(i+ + 3 4+ ) +
Vitx x(b+———+&c
Letb+-—-+z ;44-.S-+&c =y, and (x+\/1+x X
(y+\/1+y) V, then Wllla-{-b-{-"?w ; a+b4 S—]—&c.:
ty L
Vs

Ffa , 5. Let
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5. Let a quantity P be a funétion of x, or the fluent of a
fun&ion of x x », and the value X of it when x =a be known,
and the value of it when x=a-}-4 be required. Find a feries
of which the firft term s X, and which proceeds according to
the dimenfions of 4, if 4 be a very {mall quantity, and in
general at leaft {o fmall that the feries fromx=4 to x=a+4b
neither becomes infinite or o.

In the fame manner, if an algebraical or fluxional equation
or equations, exprefling the relations between x, y, =, v, &c.
be given, find the correfpondent values of y, %, v, &c.to x=a,
which let be Y, Z, V, &c.; then find feriefes for y, =, v, &c.
of which the firft terms let be Y, Z, V, &c. refpe&ively, and
which proceed accordmg to the dimenfions of 2, but {ubje& to
the fame conditions as in the preceding cafe.

From fluxional equations may be deduced feries which expref's
the value of y, &c. in terms of x, and always diverge, or
always converge, whatever may be its value, as appears from
the Meditationes.




